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Abstrat
In onnetion with the experiments reently ahieved on doped rystals, biologial samples, doped
optial bers and semiondutor heterostrutures, we revisit the theory of the propagation of a
pulse-modulated light in a saturable absorber. Expliit analytial expressions of the transmitted
pulse are obtained, enabling us to determine the parameters optimizing the time-delay of the trans-
mitted pulse with respet to the inident pulse. We nally ompare the maximum frational delay
or gure of merit so attainable to those whih have been atually demonstrated in the experiments.
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I. INTRODUCTION
Dynamis of saturable absorbers is often well reprodued by using a two-level model
with a oherene relaxation-time very short ompared to the population relaxation-time.
The propagation of laser pulses in the medium is then simply desribed by two equations
oupling the light intensity and the dierene of populations. As far bak as 1965, Gires
and Combaud [1℄ used this model to analyze the transmission of laser pulses through dye
solutions. They onsidered pulses of duration long ompared to the population relaxation
time, but this approximation is relaxed in subsequent works [2, 3, 4, 5℄. Calulations made
by Selden in this more general ase enabled him to explain not only the narrowing of the
transmitted pulse but also its skewing and the time-delay of its maximum [5℄. Selden also
studied the transmission of a laser beam when its intensity is slightly modulated by a low
frequeny sine-wave [6℄. He showed that the eet of the saturable absorber is to inrease
the modulation depth and to introdue a phase delay of this modulation. The experimental
data obtained by Hillman et al. on ruby [7℄ are in full agreement with his preditions on the
modulation depth. Although often overlooked, the above mentioned theories [2, 3, 4, 5, 6℄
are appliable to most of the reent experiments ahieved on various saturable absorbers,
inluding doped rystals [8, 9, 10, 11, 12, 13℄, biologial lm and solution [14, 15℄, quantum
wells [16, 17℄, quantum dots [18, 19, 20℄ and doped optial bers [21, 22℄. Developed
to attain pulse veloities as slow as possible, these experiments are urrently analyzed in
terms of oherent population osillations (CPO), homogeneous hole-burning [23℄ and group
veloity. As extensively disussed in [24, 25, 26℄, suh an analysis is questionable. In most
ases [27℄, the population osillations are not reated in the medium under the ombined
ation of two independent oherent beams [23℄ but results from the intensity modulation
of a single inident beam. The phenomenon is thus insensitive to phase and frequeny
utuations of the optial eld. The group veloity, attahed to a given optial frequeny
and obtained by expressing that the phase of the eld is stationary near this frequeny,
looses then its relevane. We also remark that the identiation of the group veloity to
the ratio of the medium thikness over the time-delay of the pulse maximum, often made
in the literature, is inorret. As a matter of fat, the saturable absorption and the CPO
approahes are based on the same approximations, namely that the oherene relaxation
time is innitely short ompared to the population relaxation time, the Rabi period and
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the inverse of the deviations of the laser frequeny from the line frequeny. In the CPO
approah, analytial results have only been obtained in the partiular ase of a weak sine-
wave modulation. The fat that the saturable absorption approah then gives exatly the
same results [17, 25, 28℄ shows that the two approahes are equivalent. However the saturable
absorption approah is more straightforward (it avoids the passage through the refrative
index) and, as shown in the following, is more eient sine it provides analytial results in
muh more general situations, in partiular not only when the pulse ats as a probe but also
when its interation with the medium is fully nonlinear. Finally the saturable absorption
approah better orresponds to the experimental onditions where the inverse of the pulse
duration is generally muh smaller than the utuations of the optial arrier frequeny.
For the rst time to our knowledge, we provide in the present paper expliit analytial
expressions of the transmitted pulse with a speial attention paid to its delay with respet to
the inident pulse and to the optimization of this delay. In Setion II, we reall the general
equations desribing the propagation of intensity-modulated light in a saturable absorber.
The ase of pulses superimposed to a ontinuous bakground with a small modulation index
is examined in Setion III. The nonlinear propagation of pulses in the absene of bakground
and the general ase (pulses and bakground of arbitrary intensity) are respetively studied
in Setions IV and V. We nally ompare in Setion VI the frational delays attainable with
saturable absorbers to those whih have been atually demonstrated.
II. GENERAL ANALYSIS
We onsider a resonant light beam propagating in the z -diretion through a saturable
absorber modeled as a two level system. As indiated before, we assume that the oherene
relaxation time is innitely short ompared to the population relaxation time, the Rabi
period and the inverse of the deviations of the laser frequeny from the line frequeny. It is
then possible to adiabatially eliminate the polarization in the Bloh-Maxwell equations in
order to obtain the two oupled equations [1, 2, 3, 4℄ :
τ
∂N
∂t
= N (1 + I)− 1 (1)
∂I
∂z
= −αIN (2)
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In these expressions, τ is the population relaxation time, N is the population dierene
normalized to its value at equilibrium, t is the time retarded by the propagation time in the
host medium (negligible ompared to the delays onsidered in the following), I is the beam
intensity normalized to the saturation intensity [29℄ and α is the absorption oeient in
the linear regime. Combining Eq.1 and Eq.2 we easily get the nonlinear wave equation:
∂
∂z
(
τ
∂I
∂t
+ I + ln I + αz
)
= 0 (3)
and the transmission equation
τ
∂Iout
∂t
+ Iout + ln Iout + αL = τ
∂Iin
∂t
+ Iin + ln Iin (4)
where L is the absorber thikness and Iout (Iin) is the normalized intensity of the output
(input) wave. When the input intensity is onstant or very slowly varying at the sale of τ ,
Eq.4 is redued to the well-known saturation equation [2, 3, 4, 7℄:
Iout + ln Iout + αL = Iin + ln Iin (5)
Although established with a two level model, this equation ts very well the transmission
urve of multilevel saturable absorbers. This result is illustrated Fig.1 where we ompare
the predited transmission to that atually measured on a erbium-doped optial ber [30℄.
III. CASE OF SMALL MODULATION INDEX
We onsider rst the important ase where the pulses (ontaining the useful signal) are
superimposed to a large d bakground C. The input and output intensities respetively
read Iin(t) = Cin + sin(t) with sin(t)≪ Cin and Iout(t) = Cout + sout(t) with sout(t)≪ Cout.
Making a alulation at the rst order in sin(t) and sout(t) and taking into aount Eq.5
relating Cout and Cin, we get :
dsout
dt
+
sout
τb
=
Cout
Cin
(
dsin
dt
+
sin
τa
)
(6)
where τa = 1/ (1 + Cin) and τb = 1/ (1 + Cout). Assuming that sin(−∞) = 0, the general
solution of Eq.6 may be written:
sout(t) =
Cout
Cin
[
sin(t) +
(
1
τa
− 1
τb
)
e−t/τb
t∫
−∞
sin(θ)e
θ/τbdθ
]
(7)
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Figure 1: Transmission at 1530 nm of a erbium-doped optial ber as a funtion of the inident
power. The parameters are L = 7.5 m and αL = 6.8 . The points are experimental [30℄ and the
ontinuous line is obtained from Eq. 5 by adjusting the saturation power Psat. The best t is
obtained for Psat = −7.30 dBm , that is Psat = 0.186 mW. The erbium onentration is small
enough in order that energy transfer uponversion is negligible and that the absorption is fully
saturable.
The impulse response h(t) [31℄ is obtained by taking sin(t) = δ(t) where δ(t) is the Dira
funtion. We get:
h(t) =
Cout
Cin
[
δ(t) +
(
τb − τa
τa
)
U(t)
τb
e
−t/τb
]
(8)
where U(t) is the unit step funtion. Finally the transfer funtion [31℄, Fourier transform of
h(t), reads:
H(Ω) =
Cout
Cin
(
1 +
τb − τa
τa (1 + iΩτb)
)
≡ Coutτb (1 + iΩτa)
Cinτa (1 + iΩτb)
(9)
The latter result an also be diretly derived from Eq.6 by taking sin(t) ∝ e
iΩt
[25℄ and
is obviously appliable to the partiular ase of a sine-wave modulation, often used in the
experiments. It is onsistent with the previous alulations made in this ase [6, 8, 25℄ and
with the experimental results. The phase delay of the intensity-modulation introdued by
the medium has a maximum ∆Φm = tan
−1 [(τa − τb) /2√τaτb] for Ω = 1/√τaτb. We remark
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that∆Φm < pi/2, the upper limit being approahed for Cin ≫ 1 and Cout ≪ 1. Consequently
the time-delay td of the output modulation an never exeed 25% of the modulation period
T .
Stritly speaking a sine-wave does not ontain any information and, e.g., the previous
delay td may also be seen as an advane T − td. An unambiguous demonstration of delay
(or advane) requires to use pulses of nite duration and energy. Ultraslow veloities L/td
an be ahieved by using dense media with long relaxation times [14, 15℄. However, in view
of potential appliations, the important issue is not merely to ahieve ultraslow light but to
produe delays as large as possible ompared to the duration of both the input and the output
pulses. In the following we will thus haraterize the slow light systems by their gure of
merit or generalized frational delay
F = td/max(τin, τout) (10)
where τin (τout ) is the full width at half maximum of the input (output) pulse. Our denition
is idential to the usual one (F = td/τin ) when τout ≈ τin or τout < τin .
We onsider input pulses suh that sin(t) is ontinuous, bell-shaped, symmetri and
entered at t = 0. General properties of the output pulse sout(t) an be derived from the
relations sout(t) = h(t) ⊗ sin(t) or Sout(Ω) = H(Ω)Sin(Ω) where Sout(Ω) and Sin(Ω) are
respetively the Fourier transforms of sout(t) and sin(t). Sine sin(t) is entered at t = 0,
the enter-of-mass tcm of sout(t) oinides with that of h(t). We get
tcm =
∫ +∞
−∞ th(t)dt∫ +∞
−∞ h(t)dt
= τb − τa (11)
Sine τa = τ/ (1 + Cin) and τb = τ/ (1 + Cout), tcm will be always smaller than the relaxation
time τ , this limit being only attained when Cin ≫ 1 and Cout ≪ 1. The largest pulse-
delays are expeted in these onditions but one should remark that, due to the distortion
(asymmetri broadening), the delay td of the pulse maximum may strongly dier from tcm.
Eqs. 7-8 show that the distortion will be negligible when τin ≫ τb (long pulses). We have
then td ≈ tcm and thus F ≪ 1. More generally td will be as large as possible if the rst term
of Eq.7 (not delayed) is small ompared to the seond one, that is again when Cin ≫ 1 ,
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Cout ≪ 1, and thus tcm ≈ τ . We then get sout(t) ≈ Coutg(t) with
g(t) =
[
U(t)
τ
e
−t/τ
]
⊗ sin(t) =
e
−t/τ
τ
t∫
−∞
sin(θ)e
θ/τdθ = FT−1
[
Sin(Ω)
1 + iΩτ
]
(12)
where FT−1 is a shorthand notation of the inverse Fourier transform. When τin ≪ τ (short
pulses), Eq.12 shows that td = O(τin) while τout ≈ τ ln 2 (the duration of U(t)e−t/τ ) and
thus F ≪ 1, as previously. A maximum of the frational delay is expeted for τin = O(τ)
but its determination obviously requires to speify the pulse shape.
We onsider rst the realisti ase of pulses having a stritly nite duration (hereafter
os-pulses), suh that sin(t) = Ain cos
2 (pit/2τin) for −τin ≤ t ≤ τin and sin(t) = 0 elsewhere
(Fig.2). Eq.12 then leads to
g(t) ≈ Ain
2
[
1 +
cos
(
pit
τin
)
+ piτ
τin
sin
(
pit
τin
)
−
(
piτ
τin
)2
e
−(t+τin)/τ
(piτ/τin)
2 + 1
]
(13)
for −τin ≤ t ≤ τin , g(t < −τin) = 0 and g(t > τin) = g(τin)e−(t−τin)/τ . As expeted, sout(t)
has an exponential fall at the end of the input pulse (t > τin). The time-delay td of the
maximum is given by the impliit equation:
sin
(
pitd
τin
)
=
(
piτ
τin
)[
cos
(
pitd
τin
)
+ e−(td+τin)/τ
]
(14)
Asymptoti alulations show that td ≈ τ (1− pi2τ 2/2τ 2in) for τin ≫ τ and that td ≈
τin
(
1− 2τ 1/2in /piτ 1/2
)
for τin ≪ τ . When τ/τin varies from 0 to ∞, td/τin inreases from
0 to 1 while τout inreases from τin to ∞ (τout ≈ τ ln 2 , see above). Starting from 0, the
frational delay F , equal here to td/τout , begins to inrease before to derease to 0, in agree-
ment with our general preditions (see inset of Fig.2). It attains its maximum Fmax = 31%
for τ/τin = 0.9. This maximum is very at sine Fmax > 29% for 0.6 < τ/τin < 1.5. Fig.2
shows the intensity proles of the output pulses obtained for τ/τin = 0.2, 0.9 and 5.
Similar results are obtained in the lassial ase of gaussian pulses. Taking sin(t) =
Ain exp
(−t2/τ 2p ) with τp = τin/2√ln 2, we get:
g(t) ≈ Ain
τp
√
pi
2τ
[
1 + erf
(
t
τp
− τp
2τ
)
exp
(
− t
τ
+
τ 2p
4τ 2
)]
(15)
where erf(x) is the error funtion. The optimal τ/τin (1.05) is lose to that obtained with
os-pulses and Fmax is nearly the same (29%). The main dierene is that the delay td is
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Figure 2: Intensity prole of the output pulses obtained in the ase of small modulation index for
τ/τin = (a) 0.2 (b) 0.9 and () 5. The prole of the input pulse (os-pulse) is given for referene
(dashed line). The time unit is its full width at half maximum τin. Inset: Frational delay as a
funtion of the ratio τ/τin.
no longer limited by τin. Delays td ≥ τin an be obtained when τ/τin ≫ 1. Asymptoti
alulations then shows that td = τp
[
ln
(
τ
τp
√
pi
)]1/2
. A delay td ≈ τin is attained for
τ/τin ≈ 17. The output pulse is then very broad (τout ≈ 12τin and F ≈ 8% ). When
the double ondition Cin ≫ 1 and Cout ≪ 1 is not met, the term proportional to sin(t) in
sout(t) (see Eq.7) is not negligible and τb < τ . The frational delay is redued aordingly.
Considering, e.g., os-pulses with Cin = 1 and Cout = 1/10 (attained by taking αL ≈ 3.2),
we nd Fmax ≈ 9% instead of 31% in the ideal ase.
8
IV. PULSES WITHOUT BACKGROUND
We onsider now the ase where Cin = 0, without restrition on the pulse amplitude. The
medium being initially at equilibrium (N(−∞) = 1 ), Eq.1 and Eq.2 show that N(t) > 0
and sout(t) < sin(t) at every time. If the input pulse has a stritly nite duration (as the
os-pulses), sout(t) will thus stop at the same time that sin(t). This result strongly ontrasts
with that obtained in the previous setion (see Fig.2).
When the input pulse is very short (τin ≪ τ ), the population dierene annot follow
the rapid hange of the intensity and, roughly speaking, retains its initial value (sudden
approximation). From Eq.2, we then retrieve the result orresponding to the linear regime,
namely sout(t) = exp (−αL) sin(t). The pulse is only attenuated (neither distorted nor
delayed). Conversely, when the input pulse is very long, sout(t) and sin(t) are related by
Eq.5. The output pulse remains symmetri and entered at t = 0 (no delay) but may be
strongly narrowed [5℄. Finally, when τin and τ are omparable, the output pulse will be at
one narrowed, delayed and skewed. To study the general ase, we onsider the funtion
Z(t) introdued by Selden [4℄ :
Z(t) = ln sout(t)− ln sin(t) + αL (16)
The transmission equation (Eq.4) then reads:
τ
dZ
dt
+ Z = sin(t)
[
1 + e(Z−αL)
]
= sin(t)− sout(t) (17)
with the initial ondition Z(−∞) = 0. For given sin(t), Eq.17 shows that Z(t) and thus
the shape of the output pulse will be independent of the optial thikness αL as early as
the latter is large enough in order that sout(t) ≪ 1 and sout(t) ≪ sin(t) at every time. The
pulse delay is expeted to have then attained its maximum. We have heked this point
by numerially solving Eq.17. Sine we are mainly interested in maximizing the frational
delay, we will assume in the following that the previous ondition on αL is atually met.
Eq.17 is then redued to:
τ
dZ
dt
+ Z = sin(t) (18)
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with the analytial solutions
Z(t) =
e
−t/τ
τ
t∫
−∞
sin(θ)e
−θ/τdθ (19)
sout(t) = e
−αLsin(t)e
Z(t)
(20)
We see that Z(t) = g(t), where g(t) is the funtion introdued in Se.III (Eqs 12, 13 and
15). Consequently the delays td onsidered in Se.III are now the delays tZ of the maximum
of Z(t) and thus of sout(t)/sin(t). Moreover, sin(t) being entered at t = 0, Eq.20 shows that
the new delay td of the pulse maximum will be smaller than tZ and that, for an input pulse
of given shape, td (τout ) will be the larger (smaller), the larger is the amplitude Ain.
For a given amplitude Ain, the shape of the output pulse and the frational delay
F = td/τin only depends on the ratio τ/τin. For long pulses (τin ≫ τ ), Eq.18 takes the
approximate form Z(t+ τ) ≈ sin(t). We then get tZ ≈ τ , sout(t) ≈ e−αLsin(t) exp [sin(t− τ)]
and, sine dsin/dt = 0 for t = 0, td/τ ≈ Ain/ (Ain + 1). For τ/τin → 0, F → 0 as expeted
and sout(t) tends to the value given by Eq.5 so long as αL is atually large enough in or-
der that sout(t) ≪ 1 . Conversely when τ/τin → ∞, dZ/dt → 0, Z(t) → Z(−∞) = 0 ,
sout(t) → e−αLsin(t) (as in the general ase) and, again, F → 0. Finally, a maximum of F
(inreasing funtion of Ain) will be obtained for an intermediate value of τ/τin.
Figure 3 shows the intensity-proles of the output pulse obtained with os-pulses for
Ain = 1 , 10 and 100 (keep in mind that Ain is the peak intensity of the input pulse
normalized to the saturation intensity). For eah Ain, τ/τin is optimized in order to lead
F to its maximum Fmax. Note that the narrowing of the output pulses is signiant but
that their skewing is moderate (fall steeper than the rise). We have systematially explored
how Fmax, the orresponding τout/τin and tZ/τin depend on the saturation for Ain ranging
from 0.2 to 10000 (Fig.4). Sine sin(t) stops at t = τin, the frational delay annot exeed
unity. In fat, the limit Fmax = 1 is very slowly approahed for very large values of Ain.
Asymptoti alulations then show that Fmax ≈ 1 − (128/pi4Ain)1/5 , this maximum being
attained for τ/τin ≈ (2A2in/pi2)1/5 . Even for Ain as large as 10000, Fmax is only 0.83.
Comparable results are obtained with gaussian pulses for reasonable peak intensities of
the input pulse, say for Ain ≤ 50 (Fig.5). For larger Ain, some dierenes appear beause
the gaussian pulses have innite wings. There is thus no theoretial limit to tZ and td. For
example, Fmax slightly larger than 1 is attained for Ain = 10000.
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Figure 3: Intensity prole of the output pulses obtained in the ase of an input pulse without
bakground for Ain = (a) 1, (b) 10 and () 100 with τ/τin = (a) 0.6 (b) 1.5 and () 4.2 (the value
maximizing the frational delay in eah ase). The prole of the input pulse (os-pulse) is given for
referene (dashed line).
At this point, one should reall that the previous frational delays Fmax will be atually
attained only if the optial thikness is large enough in order that sout(t) ≪ sin(t) at every
time, that is if exp [Zmax − αL] ≪ 1 where Zmax = Z(tZ). This ondition is satisfatorily
met for αL = Zmax + 3. When Ain is small (large), the optimum τ/τin is also small (large).
In the rst ase Z(t + τ) ≈ sin(t) (see above) and Zmax ≈ Ain ≪ 1. In the seond one,
we easily get the asymptoti forms Zmax ≈ rAinτin/τ with r = 1 for os-pulses and r =
√
pi/2
√
ln 2 ≈ 1.06 for gaussian pulses (1 ≪ Zmax ≪ Ain ). For intermediate values of Ain,
Zmax ≤ min (Ain, rAinτin/τ) and the ondition sout(t)≪ sin(t) will be met in every ase by
taking
αL = min(Amin, rAminτin/τ) + 3 (21)
Provided that τ/τin is atually optimized to attain Fmax, the seond ondition of validity of
11
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Figure 4: Fmax, tZ/τin and τout/τin as funtions of the peak intensity Ain in the ase of os-pulses.
For Ain ≥ 1000 , the ratio τ/τin maximizing F and Fmax itself are well approximated by the
asymptoti formula τ/τin ≈
(
2A2in/pi
2
)1/5
and Fmax ≈ 1− (128/pi4Ain)1/5 .
our alulation, namely sout(t)≪ 1, is then automatially fullled.
V. PULSE AND BACKGROUND OF ARBITRARY INTENSITY
Comparing the results obtained with input pulses superimposed to a large bakground
(Se.III) and with pulses without bakground (Se.IV), we see that the former are broadened
in the medium with a rise signiantly steeper than the fall (Fig.2) whereas the latter are
narrowed with a fall steeper than the rise (Fig.3). We may then hope that better results
will be obtained by using pulses superimposed to a suitably adjusted bakground. We
thus onsider in this setion the ase where Iin(t) = Cin + sin(t) without restrition on the
amplitudes of Cin and sin(t). As previously and for the same reasons, we assume that αL
is large enough in order that Iout(t) ≪ 1 and Iout(t) ≪ Iin(t) at every time. By redening
12
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Figure 5: Same as Fig. 4 in the ase of gaussian pulses. The ratio τ/τin maximizing F is 0.6, 1.5,
5.0, 14 and 42 respetively for Ain = 1, 10, 100, 1000 and 10000.
Z(t) as Z(t) = ln Iout(t) − ln Iin(t) + αL − Cin, we nd that Eq.18 is unhanged and thus
that Z(t) = g(t) as previously. In other respets the new denition of Z(t) leads to
Cout + sout(t) = [Cin + sin(t)] e
[Cin+g(t)−αL]
(22)
Sine sin(t), sout(t) and g(t) anel for t = ±∞, Cout = Cin exp (Cin − αL) in agreement
with Eq.5 in the limit Cout ≪ 1 onsidered here. Finally sout(t) reads
sout(t) =
[
Cin
(
e
g(t) − 1
)
+ sin(t)e
g(t)
]
e
(Cin+αL)
(23)
When Cin = 0, we retrieve the result given in the previous setion (Eq.20). Conversely when
the modulation index is small, e
g(t) − 1 ≈ g(t and we get
sout(t) = [sin(t) + Cing(t)]
Cout
Cin
(24)
a result onsistent with Eq.7, again in the limit Cout ≪ 1 where τb ≈ τ .
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Eq.23 enables us to determine the proles of the output pulses for arbitrary values of
the ratio Cin/Ain. We give Fig.6 dierent proles obtained when the input peak-intensity
is xed (Cin + Ain = 10). For eah value of Cin/Ain, τ/τin has been optimized in order to
maximize F . As expeted the addition of a bakground widens the output pulse. It does
not signiantly enlarge the attainable frational delay, whih very slightly inreases as a
funtion of Cin/Ain before falling down to the value alulated in the small modulation-index
limit (see inset of Fig.6). However we remark that the resemblane of the output pulse to the
input one an be improved by the presene of a bakground (see the prole of the output
pulse obtained for Cin/Ain=0.54 . The latter eet has been reently demonstrated in a
saturable gain system [32℄. The qualitative behavior shown Fig.6 is general and is observed
for any bell-shaped input pulse.
VI. SUMMARY AND DISCUSSION
We have theoretially studied the transmission of a pulse-modulated light in a saturable
medium modeled as an ensemble of 2-level atoms with a oherene relaxation time extremely
short ompared to the population relaxation time. This model of saturable absorber gives
theoretial results in good agreement with the experimental results obtained in the urrently
alled CPO based slow light experiments. This was already pointed out in Ref.[25℄ about
the representative experiments ahieved on ruby [8℄, Er
3+
:Y2SiO5 rystal [13℄, biologial
bateriorhodopsin [14℄ and quantum dots [18℄. We heked that it is also true for the
extensive experiments reently realized on erbium-doped optial bers [22℄. More speially,
we veried that, exept for ultrahighly doped bers (ion density exeeding 3 × 1025 m−3),
the maximum phase delays ∆Φm attained for a sine-wave modulation and the orresponding
modulation frequeny are in agreement with those given by the model (see the disussion
following Eq.9).
Thanks to the relative simpliity of the transmission equation of the model system (Eq.4),
it has been possible to obtain expliit analytial expressions of the output pulse and to
optimize the gure of merit or frational delay F of the system (Eq.10). Our main ndings
are as follows. When the input pulse sits on a muh larger d bakground Cin (intensity
normalized to the saturation intensity), the output pulse is asymmetrially widened with a
rise steeper than the fall. This behavior is qualitatively analogue to that of the usual slow
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Figure 6: Intensity prole of the output pulses obtained for an overall peak intensity Ain+Cin = 10.
In order of inreasing width, the represented proles orrespond to Cin/Ain = 0, 0.11, 0.54 and
9.0. For eah value of Cin/Ain, τ/τin is optimized in order to maximize the frational delay. The
prole of the input pulse (os-pulse) is given for referene (dashed line). Inset: Fmax as a funtion
of Cin/Ain.
light systems (see, e.g., [33℄) but the pulse shape may be muh more asymmetri, with an
exponential or nearly exponential fall (Fig.2). The frational delay F depends on Cin, on
the linear optial thikness αL (whih determines the intensity of the output d bakground
Cout) and on the ratio τ/τin of the population relaxation time over the width of the inident
pulse. It attains its maximum Fmax ≈ 30% (slightly depending on the preise shape of the
input pulse) when Cin ≫ 1, Cout ≪ 1 and τ/τin ≈ 1. When Cin = 1 and Cout = 1/10
(αL ≈ 3.2), Fmax falls down to 9%. Larger frational delays are obtained by using input
pulses of large peak intensity Ain without bakground. Contrary to the previous ase the
output pulse is now narrowed with a fall moderately steeper than the rise (Fig.3). The
largest frational delays are attained when Ain is as large as possible (Figs. 4,5) provided
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that the optial thikness is itself very large (Eq.21). Note that the ratio τ/τin maximizing
F also inreases with Ain. In the referene ase Ain = 10, Fmax ≈ 36% for τ/τin ≈ 1.5 and
αL ≈ 10.7 [34℄. Finally, for a xed value of the overall peak intensity of the input beam,
the addition of a d bakground does not signiantly enhane the frational delay but may
improve the symmetry of the output pulse (Fig.6).
In fat, there are few time-resolved experiments on saturable absorbers giving diret
evidene of pulse delays [8, 10, 12, 18, 21, 22℄. The obtained frational delays (as dened
Eq.10) are all smaller than 20%. There are dierent reasons for that. The main one is that
the input intensities Cin and/or Ain are too small, typially of the order of 1, at the best of a
few units. Seond the linear optial thikness is not adapted. Third the pulse duration is not
optimized. The erbium-doped optial ber seems a good andidate for the demonstration of
a larger frational delay. The saturation power is low (< 0.5mW) and normalized intensities
Cin and/or Ain of 100 an be easily ahieved. A frational delay of about 60% (Fig.3)
would then be attained with an input pulse of duration τin ≈ 0.23τ ≈ 2.4ms and a linear
optial thikness αL ≈ 23. The latter would be obtained in a ber of reasonable length
(L < 4m) with an ion density ρ ≈ 2× 1025m−3 [22℄ for whih the saturation model is valid.
Note that larger frational delays (up to 1.5 with our denition) have been demonstrated in
undoped bers by exploiting Brillouin sattering [35℄ but this result is obtained with muh
longer bers.
We nally remark that the pulse-delay mehanisms in a saturable absorber strongly dier
from those involved in the pure slow-light experiments [36℄ . The former are nonlinear
and non oherent whereas the latter are linear and oherent. Moreover the propagation
phenomena are essential in the seond ase whereas they are absent in the rst one. This
point is illustrated by our alulations made for an input pulse of stritly nite duration
(Se. IV). We have shown that the output pulse then stops at the same time that the input
one. On the ontrary the propagation eets are responsible of an important delay in the
linear ase. This explains in partiular the very large frational delays attained in media
with an eletromagnetially indued [37℄ or a natural [38, 39℄ transpareny window.
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